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1 Mathematical and Statistical Background

A random variable X is said to have a Poisson distribution with parameter A if

e
f;A) =PriX =x;A] = I x=0,1,2,..., andA >0 (1)

This distribution takes its name from the famous French mathematician Denis Poisson.
Poisson (1837) considered the limit of a sequence of binomial distributions with

Pxn = PriX =x] = ( )p*(1-p)™ forx=0,1,.
. forx >n
where n — oo and p — 0, while np = A < oo, The Poisson distribution in equation (1) follows

from noting that as n — oo,
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With these two asymptotically-valid approximations, the binomial probability density given
above becomes
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which gives us the Poisson density
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where )" denotes summation over any subset w of the nonnegative integers 0, 1, 2, ... ..

Some further insight into this result is gained by recalling that in a binomial experiment
the number of successes has an upper-bound equal to the number of trials. This constraint is
removed in the Poisson case. Note that

2 3 X
1+)\+)‘—+)\—+...=ZA— (3)

converges to e,V A. Now given the Poisson density defined above, we can see that the e*
argument plays the role of a normalizing constant, ensuring that

hing Me? hing N
Zf(X;A)=ZT =e'AZF =ete =1
’ x=0 "

and so f(x) behaves like a proper discrete probability distribution, summing to one over its
support points, and being non-negative everywhere (since A > 0 = f(x) > 0); see Berry and
Lindgren (1996, § 4.6). Without the normalizing constant each term in the series in (3) can be
conceptualized as a frequency (instead of a probability), approximating the number of times
we observe x successes from n trials where the expected number of successes is np = A, but
remembering we consider what happens as n — eoand p — 0.

Johnson, Kotz and Kemp (1992, 152) note that this result had been derived earlier by
de Moivre (1711); they also note that Bortkiewicz (1898) considered situations in which
Poisson’s distribution might arise (e.g., the number of deaths from kicks by horses, per
annum, in the Prussian Army Corps). The critical features for the applicability of Poisson’s
distribution were that N be large but that p be small, in addition to the requirements that
each trial be independent and that p be constant over trials.

A number of other derivations followed in the late 19th century and early 20th century. For
instance, “Student” (W.S. Gosset, who derived the t distribution) (1907) used the Poisson
distribution to represent (as a first approximation) the number of particles falling a small
area A when a large numbers of such areas are spread at random over a surface large in
comparison with A. Rutherford and Geiger (1910) provided some data on the emission of
radioactive particles that was fitted well by a Poisson distribution; this remains one of the
classic areas of application of Poisson models (e.g., Feller 1968, 160). Other examples
include models of arrival times (e.g., customers at stores), when phone calls are made (e.g.,
Erlang 1909), electrical demand, accidents in factories or traffic accidents; models of these
processes sometimes go under the label of “queueing theory”. Other examples include
models of mutation in cells, or waiting times between spontaneous impulses in nerve cells.

Johnson, Kotz and Kemp (1992, 154--156) summarize a number of other derivations of the
Poisson distribution. See also the book-length treatment by Haight (1967) or the treatment
in Taylor and Karlin (1998). These contemporary derivations usually start with a Poisson
point process. Here | consider a special case of a Poisson point process, a homogeneous
Poisson point process in one dimension.® Following Tuckwell (1988, 38ff), let t represent a

Two and higher dimensional processes are used as the basis of models of ecological patterns, and in
geologgy, geogrpahy, and urban studies; for instance, ecologists refer to “Poisson forests” (e.g., Tuckwell
1988, 45-46). More generally, Ripley (1981) is an excellent reference for models of spatial processes.
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time variable (although this could also be a spatial interval). Let events occur randomly over
time, starting with t = 0, and with the first event occuring at time Ty, the second at T,, and so
on. Let (s1, s,] be a subinterval of the interval [0, s], where s < oo. If N(s4, S5) is the number of
events in (s, S,], then the count variables N(s;, s,) is a random variable, and the collection of
all such random variables (defined with respect to any subsets of [0, s]), abbreviated to N, is
called a point process on [0, s]. Specifically,

N is a homogeneous Poisson point process with rate A if:

1. for any 0 < s, < s, < s,N(s1,S,) is a Poisson random variable with
parameter A(s; - 51);

2. for any collection of times 0 < sy <571 < S, <...<sS, <s,wheren > 2,
the random variables {N(sy.1,5x), X = 1,2, ..., n} are mutually independent.

Or in words: the number of events in the time interval (0, t], which we can denote as N(t), is a
Poisson random variable with parameter At. And the number of points falling in disjoint time
intervals are independent.

The expected value of N(t) is At and so the expected number of events in a time period of
unit length is A. For this reason the A parameter is often referred to as the intensity of the
Poisson point process. Finally, the Poisson point process is said to be homogeneous because
the expected number of events depends only on the length of the time interval, not on its
location of the interval on the time line (i.e., the intensity of the process is constant over the
interval (0, t].

The way we move from a Poisson point process to a Poisson model is relatively straight-
forward, mirroring the limiting behavior of the binomial distributions noted by Poisson and
de Moivre. We assumed that points (times of events) are “sprinkled randomly” (Tuckwell
1988, 41) on the interval [0, s] under the assumptions:

1. the numbers of points in disjoint subintervals are independent

2. the probability of finding a point in a very small subinterval is proportional to its length,
whereas the probability of finding more than one point is negligible

Now divide [0, s] into n small subintervals each of length As = s/n. Then the probability p that
a given subinterval contains a point is As/n where A is a positive constant. The probability
that there are x occupied subintervals is

Pr(x points in [0, s]) Binomial (x|n, p)

A
Binomial <x|n, FS)

As n — oo,As/n — 0 and the Poisson distribution becomes an appropriate characterization
for the data, using the results of Poisson and de Moivre noted earlier. Formally, we have

A exp(-np)(np)x.

lim Binomial(x|n, p) o
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But np = n(As)/n = As, and so as n — oo,

exp(-As)(As)y*

Pr(x points in [0, s]) = X!

which is the Poisson distribution derived above.
A slightly more formal derivation? proceeds by letting g(x, w) denote the probability of x
events in each time interval of length w. Once again, assume that

1. g(1, h) = Ah + o(h), where A is a positive constant and h > 0 and o(h) is a function such
that lim,_o[o(h)/h] = 0

2. > 2, gx,h) = o(h); i.e., the probability of two or more events in the interval h is
arbitrarily close to zero.

3. The numbers of events in disjoint intervals are independent

These assumptions repeat the conditions stated less formally, earlier. Assume also that
g(0,0) = 1. Subject to these assumptions, the probability of at least one event in an
interval of length h is the probability of one event plus the probability of two events or
Ah + o(h) + o(h) = Ah + o(h). Since probabilities sum to one, the probability of zero events in
an time interval of length his 1 - Ah + o(h).

Consider the probability of zero events in the time interval w + h. By the assumption of
independence (assumption 3 above), this joint probability is equal to the product of the two
individual probabilities

g0, w + h)

g(0,w)g(0, h)

g(0,w)[1 - Ah - o(h)]

g(0, w) - Ahg(0, w) - o(h)g(0, w)

Pr[zero events in the interval w + h]

Re-arranging yields

g0, w + 77) -g(0,w) _ 2g(0, W) - O(h)g}SO, w)

If we let the incremental time interval h shrink arbitrarily close to zero, we obtain the
differential equation

- g0, w + h)-g(0,w) _ 0g(0, w)

l£—>0 h aW

= ')‘g(oa W)

Solving this differential equation for g(0, w) requires that we find a function of w whose
derivative is the function times -A. The only function equal to its own derivative is the
exponential function, and so

g(0,w) = ce™.

2This derivation follows that in (Hogg and Craig 1978, 99-101), and subject to changes of notation is the
proof in the Appendix of King (1988).
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But the condition g(0, 0) = 1 constrains ¢ = 1, since we require that ce* = 1.

Now consider the more general case g(x, w + h), forx = 1, 2, .... In the time interval h, two
things can happen: we observe no events and so x remains unchanged from time interval w,
or we observe (at least) one event and so we had x - 1 events at the end of time interval w.
Thus

glx,w + h) = glx,w)[1 - Ah - o(h)] + glx - 1, w)[Ah + o(h)] + o(h)

We can re-arrange as before and obtain

g(x,w+i;l)-g(x, W) _ -Aglx, w) +Ag(x - 1, w) + @
and lettingh — 0
8géxv;/w) =-Ag(x, w) + Ag(x - 1, w).
Consider the case of x = 1. Then using the result for g(0, w) from above,
ag(1,w)

ek -Ag(1, w) + e,

Now we are looking for a function g(1, w) such that its derivative with respect to w is the
function itself times negative A, plus Ae™. This function is

g(1, w) = Awe™

which can be verified using the product rule of differentiation. We can use this result to
consider the case of x = 2, which yields

89;;;”” = Ag(2,w) +g(1, W)
which after substituting for g(1, w) yields
%9 ;’/W) =-Ag(2, w) + N*we™.
The solution of this differential equation for g(2, w) is
AW 2e-Aw
g(z, W) = %
By induction it can be shown that
_ (/\W)xe-)\w
glx,w) = Tl
forx =1,2,3,.... This is the Poisson distribution given above, and when we normalize the

time interval to have unit length (w = 1), we obtain the more familiar version of the Poisson
density

et
x!

f&) =
forx=0,1,2,....
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2 Regression Models

In analyzing count data, a frequent question of interest is how to relate the observed
counts y (non-negative integers) to some predictors, X. This is usually done by normalizing
the observational time unit to have unit length, setting s = 1 in the derivation above. The next
step is to find a way to embed the effects of predictors into the Poisson model. This is almost
always done by positing a log-linear model for the mean of the Poisson distribution,

InA; = XiB, (4)

or
Ai = exp(x;B) (5)

Alternative functional forms were once considered; for instance Cochrane (1940) considered
a linear model and a square-root model A; = (x;B)> < A = x;B. However, “model
appropriateness was emphasized as an important issue; and in this spirit, the product (or
log-linear) model was suggested as being of potential interest” (Koch, Atkinson and Stokes
1986, 33).

Whyisthelog-linear specification somehow more “appropriate” than other specifications?
King (1988, 841--843) offers a fairly detailed justification for the “exponential Poisson
regression model”. For one thing, any model for the mean of Poisson variable must map
onto the non-negative half-line. There is no guarantee that A; > 0 if we use the familiar
additive, linear specification A; = x;B. A non-linear specification is also preferred, since for
many applications it seems plausible that “the ‘effort’ (in terms of a change in x) that it would
take to move y; from 0 to 1 should be proportionally greater than the effort required to move
y; from, say, 20 to 21” (King 1988, 842-843). If the idea is that the marginal effect of x
should increase with the mean of the Poisson process A, then the log-linear functional form
is well-suited to the task; note that if E(y;|x;) = A; = exp(x;B) then

dyi _ Oexp(xiB)
OX; OX;
= AB,
since the exponential function is the only function that is its own derivative.
Whatever modelwe use forthe mean, Poisson regression models are easily fit via maximum

likelihood. Assuming (conditional) independence, the log-likelihood for the Poisson model
has the relatively simple form:

n

log L(B; y, X) = Z [vi logh; - A; - log(y")]

i=1
where the usual model for the conditional mean is A; = exp(x;B).
3 Negative-Binomial

What happens if the Poisson assumption of mean equals variance doesn’t hold?
Consequences:
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e Poisson consistent, but inefficient
e Poisson standard errors too small.

Assumption usually doesn’t hold due via overdispersion: i.e., conditional variance is
greater than the conditional mean. This can arise in a number of different ways: unobserved
heterogeneity (predictors omitted from the mode) or contagion (see Long 1997, 236) within
individuals, such that the occurrence of an event for individual / increases the probability
of further events for individual /, even after conditioning on covariates x;. Long (1997, 236)
points out that the in a cross-section (one observation per individual i), there is no way to
distinguish unobserved heterogeneity (so-called “spurious contagion”) from actual or “true
contagion”).

See Long (1997, 231) for development of the negative binomial model as an alternative
to the Poisson. Let ¢; be an unobserved source of heterogeneity such that

E(y:)

~

A

= exp(x;B +¢)
= exp(x;B)exp(e)
= Aibj

where A; = exp(x;B) is the usual conditional mean from the Poisson model and §; = exp(e;). To
identify this expanded conditional mean specification, assume E(§;) = 1, since the intercept
in the x;B part of the model could pick up any unknown E(§,) if it were allowed to vary. This
means that the Poisson model and the negative binomial model have the same model for the
conditional mean, or formally,

E(y) = EQX) = ME) = \.
And conditional on x;, B and é;, y; still has a Poisson distribution: i.e.,

elidi (,\ 5 .)J/i
f(yi‘xh B, 61) = %:
yi:
where A; = exp(x;B), but this is non-operational since §; is an unknown random quantity. If we
knew the pdf of §;, say g(6;), we could integrate to obtain

flyilxi, B) = /0“’ flyilx;, B, 6))g(6,)do;

where the lower limit of integration is zero since §; = exp(e;). The usual assumption in the
literature is that 6; has a gamma distribution with parameter 6;:

0;

= ei 6;-1 0.

where 8; > 0 and the gamma function () = f0°° t*letdt = (8- 1)!, the last equality holding for
integer values of 6. The gamma distribution has the properties: (1) E(6;) = 1; (2) V(6;) = 1/6;.
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The negative binomial density arises from performing the integration given above, with
a gamma density for §; and the Poisson density for f(y;|x;, B, 8;). In this sense the negative
binomial is a gamma mixture of Poisson densities, and is

: ; . 6; i yi
Fyilx, B 6) = (y’*"’)( 6 ) ( A )

yilT(6) \6;+A\ i + A;
and has expected value identical to that from the Poisson,
E(yi|x;, B) = A; = exp(x;B)

but no longer has the Poisson feature that the conditional mean necessarily equals the
conditional variance, i.e.,

V(yi|xi’ B’ 6,) = A <1 + g) = EXp(x,-ﬂ) <1 +

]

exp(x;B) )
6

1

with the conditional variance equal to the conditional mean if and only if 6; = oo. The flexibility
in the variance lets the model be quite flexible, able to shift more probability mass onto high
or low counts conditional on a mean count; see Long (1997, Fig 8.6) for examples.

The variance parameter, 6; (or §;) can be modeled as a function of covariates (i.e., if we
had some predictors that we thought tapped heterogeneity or contagion, but not the mean
count), but is usually held constant and 6 is an extra parameter to be estimated jointly with
the parameters for the mean function, B.

The likelihood function for the negative binomial model is

L(B,9|y, X) Hf(yl|xl9 B’ 6)

" ryi+6) /6 \°/ A \V

i=1

See function glm.nb in library (MASS) in R for implementation.

As a matter of practice, it is commonplace to test for overdispersion when estimating
count models. The negative binomial model is always a “live competitor” against the Poisson
model, is easy to estimate and compare with the Poisson model. The difference in the
log-likelihoods of a Poisson model and a (less restrictive) negative binomial model can be
used to test the two models (but the critical value of the x? test should be that for twice the
nominal significance level, since 6 is bounded from below by zero).

4 Hurdle and Zero-Inflated Count Models

See Long (1997, §8.5.2), Greene (2003, §21.9.6), and Cameron and Trevedi (1998, §4.7).
We often have too many zeros. Model this via a branching process. Two approaches:
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1. Hurdle model: zeros generated by a different process than the ones, for Poisson case

P(y;=0) = F(z;yy)
1-F(zy)

Phi=i) = 1-fyi = 0;x;, B)fz(yi;xj, B 70
Vi p-A;
Ly xi, B) = )\iyi
A= exp(x;B)

2. Zero-Inflated models: put extra probability mass on the zeros, for Poisson case

¢ = F(zy)
Plyi=0) = ¢i+(1-¢)e”
Al{ie-)\,-
Plyi=j) = (1-¢) L =2
A= exp(x;B)

e ZIP vs Poisson; ZINB versus NB.

e testing ZIP versus Poisson, or ZINB versus NB. Vuong’s non-nested test.
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